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Exact Solutions of the Boltzmann Equation
in the VHP Model with Removal Interaction

F. Schiirrer' and M. Schaler’

Received February 4, 1991; final July 12, 1991

The linear and nonlinear Boltzmann equation for very hard particles (VHP) is
considered in the case when the collision between two particles may lead not
only to elastic scattering, but also to a removal event with the disappearance of
the molecules. The extended transport equation is solved for arbitrary initial
distributions. The computations are carried out explicitly for a special class of
initial distributions and for various removal rates. The results are demonstrated
graphically. Finally, source terms fulfilling physically reasonable conditions are
introduced into the VHP model, and the time-dependent particle number is
calculated.
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removal; external sources; exact solutions.

1. INTRODUCTION

Exact solutions of the nonlinear Boltzmann equation have been found only
for special model cases."? Because of the complex structure of all physi-
cally relevant scattering kernels, this integrodifferential equation resists
a strong solution in general. Particularly remarkable, therefore, is the
discovery of an exact solution of the nonlinear Boltzmann equation for
a spatially homogeneous and isotropic gas of Maxwell molecules by
Krupp® and independently by Bobylev® and Krook and Wu.>® This
special solution, the BKW mode, holds only for a distinct class of initial
distributions.

For arbitrary initial conditions, Ernst and Hendriks'""®) obtained, by
applying the Laplace transformation, a closed solution of the model-
Boltzmann equation for a system of very hard particles (VHP) with two
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translational degrees of freedom. Though the differential cross section of
the VHP model does not correspond to any physical interaction law, it
satisfies the conservation laws (that of momentum only when interpreted as
deterministic®) and a H-theorem can be derived for it. Thus the VHP-
Boltzmann equation is not only of high interest as a closed soluble mathe-
matical model. As a physical model, it is expected to predict too fast a
relaxation in the high-energy tail of the distribution since the cross section,
which increases (in contrast to the hard-sphere model!'?) like (energy)'/?,
overestimates the efficiency of the collisions at high energies. The complete
solubility of the VHP-Boltzmann equation enables the relaxation process
to be analyzed for all energies and any nonuniformities in the approach to
equilibrivm to be studied. It is further important to note that there exists
a simple nonlinear mapping between the VHP model and the kinetic
equation of reacting polymeres.!1:1? :

An essential goal of nonlinear rarefied gas dynamics is the molecular
kinetic approach to chemical reactions (see ref. 13 and references therein).
This requires not only the consideration of elastic and inelastic collisions,
but also that removal events and external sources be taken into account.
Hence, the intention of this paper is to extend the treatment of ref. 8 by
including removal and external source terms in the VHP equation.

First, we consider in our model scattering and removal effects of test
particles between themselves as well as removal effects of test particles
when colliding with the field particles of a host medium. By resorting to the
special case of constant collision frequencies for removal events, we
obtained exact solutions for both the number densities and distribution
functions due to arbitrary initial conditions. The essential step in the solu-
tion procedure rests upon the introduction of a new dependent variable in
connection with an appropriate transformation of the time variable. With
these new variables the extended VHP-Boltzmann equation appears in its
simple original form and can be solved in a closed form by applying the
method developed by Hendriks and Ernst.®

If in addition physically reasonable external source terms are taken
into account, then it is only possible to calculate analytically the time-
dependent particle number.

We further show that our method can be successfully applied to attack
the linearized VHP problem for the case in which scattering and removal
events OCCUr.

Finally, we consider an initial distribution as a sum of two
Maxwellians and compute explicitly the time evolution of the distribution
function for various removal rates in the linear and nonlinear cases.
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2. THE NONLINEAR VHP MODEL WITH REMOVAL EFFECTS

2.1. Formulation of the Kinetic Equation

The time evolution of the distribution function of a spatially
homogenous and isotropic gas of colliding neutral particles is generally
described by the nonlinear Boltzmann equation‘®)

g—l fv, 1) = j j dw dv dw' [ W(v'w'|vw) f(V, 1) f(W', )

— Wlvw|v'w’) f(v, 1) f(w, 1)] 6y

In the very hard particle (VHP)model® in two dimensions, binary
collisions (v, w — v/, w') occur with the transition probability

Wivw | vw' )= WE'w v, w)=6(" + w? —v'? —w'?) (2)

It is further convenient to change to the enmergy representation of the
distribution function

F(x, t)=2nf(|v|, 1), x=1v? (3)

Following the analysis of Hendriks and FErnst,® the VHP-Boltzmann
equation is obtained (apart from a numerical factor which will be absorbed
in the unit of time):

(%F(x, t)=jOO du f: dy[F(y, ) Flu—y, t)—F(x, t) F{u—x, t}] 4)

If only scattering events are considered, the particle number
N={dxF(x, t) and the total energy E={dx xF(x,t) of the system are
conserved.

Choosing units N=FE=1, it is then possible to rewrite the VHP
equation (4) as

(a%+x+1) Fie, )= | " du [ dy PO 1) Flu= . 0) (5)

The solution of this equation has been obtained in closed form for
arbitrary initial conditions by Ernst and Hendriks.”
Now we extend the VHP equation by introducing the removal term

@_/:)Rl:jdw Wy, w) f(v, ) f(W, 1) (6)
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which describes the interaction of test particles assuming that in these
events the colliding particles are removed.!**>

We confine ourselves to the simple but important case of constant
removal collision frequencies W(v, w)= C = const:

(a_f> =Cr- (v, t)jdwf(w, 1)=Crf(v, 1) N(2) ™)

0t ) &,

where N(z) denotes the time-dependent particle number.
The introduction of a further lost term

A
(5;)RZ=CR 15, 1) (8)

should describe the removal of test particles when colliding with field
particles of a host medium of fixed total density N. Taking into account
Eqgs. (7) and (8), then we can write the initial VHP-Boltzmann equation (4)
in the form

a 0 u
= Flx,1)= j du fo dy[F(y, 1) Flu— v, t)— F(x, 1) F(u— x, 1)]

~CxF(x.1) [ " Fly.1)dy— NCoF(x,0) ©)

The removal collision frequencies C, and C are positive constants.

2.2. General Solution of the VHP Equation with Removal

-First, in order to determine the time-dependent particle number N(t),
we take the zeroth moment of Eq. (9) and obtain the differential equation

%+ CiN(t)*+ CxNN(1)=0 (10)

Equation (10) is solved by the function
_ N(0) NC,
[NCr+ N(0) Cr] exp(NCrt) — N(O) Cp

N(z) (11)

For simplicity, we set N(0)= 1.
Next we calculate the first moment of Eq. (9), which resuits in the
following equation for the total energy of the system:
dE(z)

—+ CxE(1) N(t)+ CrNE(t)=0 (12)
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The solution according to E(0)=1 is given by

NC,
(CxN+Cr)exp(NCrt)—Cg

E(1)= (13)
Hence, we observe an identical time dependence for the total energy and

the particle density, which may be interpreted as a constant temperature 7'
during the time evolution of our particle system,

%T(z):N—}t—)j: XF(x, t) dx = const (14)

where k denotes the Boltzmann constant and m the particle mass.

Following Boffi and Spiga,*® we look for solutions of Eq. (9) in the
form F(x, t)=N(1)-V(x, t). Using this ansatz, we can transform Eq. (9)
into

0Vi(x, 1) 1 dN(1) A
T+ Vix, t)m7+CRN(t) Vix, t)+ CrNV(x, 1)

= N(1) foo du J: dy[Viy, ) Viu—y, t)—Vix, t) Viu—x, t)] (15)

Some manipulations on Eq. (11) lead to

1 dN(1)

NE - —CpN(t)— CrN (16)

With this result in mind and performing the second integral term in
Eq. (15), we obtain

oVi(x, t)
ot

+E(t) Vix, £) + xN(t) V(x, 1)

- N(D) fo du jou dy V(y, 1) V(u—y, 1) (17)

by taking into account Egs. (11) and (13).
The introduction of a new independent time variable

r(z)zfol dt' N(t')

1 A A A 1
=—1 C.N+C,—-C —NC,t i8
z n{[ N+ Ca— Crexpl R)]C.N} (18)

R R
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reduces Eq. (17) to

a o0 u
<E+x+ 1) Vix, r)=jx du jo dy Viu—y, 1) V(3, 7) (19)

This integrodifferential equation for V(x, ) is formally equivalent to the
VHP-Boltzmann equation without removal terms (5). It can be solved for
arbitrary initial distributions F(x, 0)= V(x,0) by applying the Laplace
transformation

G(z,r)zj: dx e~ V(x, t) = L[ V(x, 7)] (20)

as shown in ref. 8.
After some analysis, which is omitted here, one obtains the general
solution of Eq. (19),

_pz+)+(z—1)e”"
D) gz+r)—e"

G(z, 1) (21)

The function ¢(z) has to be determined from the Laplace transform of the
initial distribution V{(x, 0)= F(x, 0)/N(0),

_G(z,0)+(z—1)
T G(z,0)(z+ 1)1

#(2) (22)

Finally, the time evolution of ¥(x, 7) is found via the inverse Laplace trans-
formation

1 v+ oo
Vix, ) =— j dz %Gz, 7) (23)
27 Yy — o
where the path of integration should lie to the right of all points z where

G(z,1) is singular. Thus, for the distribution function we obtain
F(x, t)= N(1) - V(x, ©(¢)) under consideration of Eq. (18).

2.3. Asymptotic Properties of the Distribution Function

In the VHP model without removal interactions the Maxwell distribu-
tion e~ is the equilibrium solution of the Boltzmann equation, a fact
following from the validity of an H-theorem.

In our case, the time transformation (18) shows the asymptotic
behavior

1
lim r(t)zc—ln [1 +ch ] (24)

I — o R R
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This means that the long-time characteristics of V(x, t) are described by
the distribution function

V(x,t:oo):V<x,f=61;1n[1+ CSRD (25)

depending on the removal collision frequencies C, and C and the density
of the host medium N. As the independent time variable © of V(x, t) is
finite, even in the case ¢t — oo, V(x, t) never approaches a Maxwellian. But,
if we neglect removal events caused by the scattering of test particles with
the host medium, the Maxwell distribution again describes the asymptotic
behavior of V(x, t), because

. . . 1 C

lim lim t(r)= lim —ln[l-f- - ’i}—»oo (26)
1’\‘/@1{—»0’40@ NCAR—>0 R CR

We want to emphasize that in both cases the solution of Eq. (9) given by

F=1V.N obviously tends to zero for ¢ — co.

2.4. Strong Removal Interactions Between Test Particles and
Field Particles

In the case of dominant removal interactions of the test particles with
the host medium, i.e., Cr < Cr and Crz > 1, we obtain instead of Eq. (9) the
simple transport equation

OF(x, A
—%i)= _CoNF(x, 1) 7)
Its solution is given by
F(x, 1) = Fo(x) exp(— C g N1) = Fo(x) N(2) (28)

which means that the initial distribution decays proportional to N(z).
The time-dependent particle number

N(t)=exp(—CrN1) (29)

according to N(0)=1, has been calculated from the first moment of
Eq. (27).

3. THE BOLTZMANN EQUATION IN THE VHP MODEL FOR A
TAGGED PARTICLE

The nonlinearity on the right side of Eq. (4) may be suppressed if we

set?

Flu—y, t)y=exp(—u+y), Flu—x, t)=exp(—u+x) (30}
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Hence, we write the resulting linear VHP-Boltzmann equation in the
following manner:

a © . u
<é—t+x+1>FL(x, z):L due jo dy e’F,(y, 1) (31)

Equation (31) describes a particular particle in a bath of similar particles
in thermal equilibrium.

Removal terms arise because of interactions between test particles and
field particles of the same kind with the total density N, and field particles
of a host medium (total density N,)

) = Cs N\ Fyn, 0)+ Cra oo, 1) = CalFy (5 1) (32)
R

Thus we obtain the linear VHP equation including removal terms in the
form

bl A o u
<a—t+x+}+CRN>FL(x, t)=f due'"j dye’F (yt) (33)
x 0

From Eq. (33), taking the zeroth and first moments, respectively, we can
casily derive the expressions for the particle number and the total energy
of the system

N(t) = E(t) = exp(— Cx N1) (34)

We set F,(x, t)=N(t)-H.(x, t) and Eq. (33) results in

(ﬁ+x+1> H,(x, t)=j°° due-"f“dy e H, (3, 1) (35)
at x 0

It is remarkable to note that in this linear case the considered removal
events do not affect the auxiliary distribution function H, (x, t).

Equation (35) is formally equal to Eq. (33) and can be solved in closed
form by using the Laplace transformation‘'®

1

z(z+1t+1) +
z+t+1 z+1

G(z, t)=z;+_1)(z—+—t)€_( (GO(Z+ t)—

(36)

with Go(z) = L[F,(x, 0)] and G(z, t)= L[ F,(x, 1)].
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4. SOURCE TERMS IN THE VHP MODEL

Starting from Eq.(4), we add a general source term Q(x,t)=
So-S(x, 1), So=0, and take the zeroth and first moments of the resulting
transport equation. We find

AN -

—~—d§’ )_s, L S(x, 1) dx (37)
and

dE w

T(zt) =S, jo dx xS(x, 1) (38)

For physical reasons the right sides of Eqgs. (37) and (38) should be finite.
Hence we require

jw dx S(x, 1) < o, foo dx xS(x, 1) < 0 (39)
(4]

0

The conditions (39) are fulfilled by the stationary J-source Q(x)=
S50(x — x¢), x4 >0, the Maxwell source Q(x, t) = S,e *, and a source term
in the form

Sos asx<a+e
0, else

Q(x)={ } a>0, ¢>0 (40}

Including source as well as removal terms we obtain the following non-
linear VHP-Boltzmann equation:

S R, 1)+ CaV0) Fx. 1) + ColVF(x, 1)

- f:’

du [ dyLF(y, 1) Flu=y.1)
—F(x, t) Flu—x, 1)1+ SpS(x) (41)

Taking the zeroth moment of Eq. (41) leads to the differential equation for
the particle number N(¢),

dN(1)

— CxN(t)*+ CxNN(1)= S, (42)
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Equation (42) is solved by the function

C 1CxN
B 1+( RNO+§ “R A+ﬁ)exp(2ﬁt)}
1 (CrNo+3CN—f) 1. -
N(ity=— —— —— (g N (43)
Cr (CRN0+%CRN+ﬁ)eXp(2ﬂI)_1 2
(CrNo+3CrN~p)
with
B=[1{(CrNY +8,Cr]"? (44)
N(t) shows the long-time behavior
. 1 A
lim N(t)=—5~ 5—§CRN >0 (45)
t— o0 R
and, if no background removal effects occur,
S 1/2
lim lim N(t)=(c—°> (46)
Crp—01—7® R

Equation (46) means that the equilibrium particle number depending only
on the ratio between the source density S, and the collision frequency Cp
is reached from above if the initial number of particles N(0) is greater than
(So/CRr)"* and otherwise from below.

This result can be derived as well from Eq. (42) by neglecting the term
dN(t)/dt in the case of thermal equilibrium and setting C N =0. Thus, we
obtain CxN(t)*=S, and therefore Eq. (46).

5. NUMERICAL RESULTS

5.1. Nonlinear VHP Model with Removal Interactions

We consider the initial distribution as a superposition of two
Maxwellians,
8!

Y mwrm Y2 pmwm (47)

F(x,0)=V(x,0)=
For F(x, 0) to be positive we require 1, < 1 and 7, + 7, > 1. The normaliza-
tion of particle number and total energy of the system to unity implies

1—1'2 Tl_l
V=

(48)

’ V2=
11— 7T, Ty —1T2
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Performing the Laplace transformation of the initial distribution (47),

V2

0
G(z0)= 1+rlz+1+rzz

(49)

and inserting this result into Egs. (21) and (22), we obtain finally the
Laplace-transformed distribution function for arbitrary times,

Ny(7) + N, (1)

G 50
@ 1)= 1+4T(t)z 1+ T,1)z (50)
Therefore the distribution function has the form
N 1(1) Ny(t ) B
V.x, T) X/T1(1)+ x/To(t) (51)
=70 ¢ T, ¢

As shown by Hendriks and Ernst,® the unknown functions 7'(t), T,(z),
N,(1), and N,(t) are solutions of the quadratic equation
Tttt —1+e )+ (1, +1)(1—e F)+e )
—T(TIT2I+T1+T2)+TIT2=O (52)

and fulfill the relations

1 —T,(1) Ty(r)—1

MO=ro-ne YO -ne

(53)

with respect to the time transformation t=1(¢) given in Eq. {18). For
7 — oo it follows from Eqgs. (52) and (53) that 7, —» 1, T, -0 and N, - 1,

) 1.2} ________
R(x’t) ;——_——-—‘-_
0.9(/ T T kel
| t—-;~__
O.6J
0.3
4
0.0 2.0 4.0 6.0 8.0 10,0 = 1290

Fig. 1. Monotonic approach of R(x, ¢)= F(x, t)/e™* to equilibrium corresponding to initial
condition (53) with 1, =4/5, 1,=3/5, and Cx=Cr=0.

822/66/3-4-24
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T2
- t=1
0.31 i
T t=0
00 20 40 60 80 100 £ 120

Fig. 2. Parameters as in Fig. 1, but Cx=2.

N, — 0. Inserting these long-time characteristics into Eq. (51), we get the
Maxwell distribution.

Figures 1-3 show the convergence of the relative distribution
R(x, t)=V(x, 1)/V(x, ) to the equilibrium state R(x, oc0)=1.

Comparing Figs. 1 and 2, we observe a delayed relaxation in the case
that removal events are taken into account (Fig.2). The mathematical
reason is an extension of the time base t(¢) <t according to Eq. (18) for
NC =0. Physically, we can argue that a slower relaxation of the distribu-
tion function to the equilibrium state is caused by the loss of particles.

In the case C,=2 (Fig. 3) we obtain from Eqs. (51)-(53) and (25) an
equilibrium distribution in the form

V(x, 00) = 1.3288e ~ 11913 _ (. 4465¢ ~ 21617 (54)
1.2
LER | t =2
09{" Tl T o1
1
0.6
t=0
;2
0.0 20 40 60 80 100 ¢ 120

Fig. 3. Relative distribution function R(x, £)=V(x, 1)/V(x, ©) for ©,=4/5, 1,=3/5,
Cr=Cr=2, and N =1. Initial state as in Fig. 1.
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which widely diverges from the Maxwell distribution ¢ *. This affects a
deviation of the relative initial distribution R(x, 0) in comparison to Figs. 1
and 2. Contrary to the first impression, the relaxation only seems to be
faster in Fig. 3, because the initial state is already closer to the equilibrium.
But the relative equilibrium distribution R(x, ©0)=1 is reached
approximately earlier in time.

5.2. VHP Model with Removal Terms for a Tagged Particle

The Laplace-transformed initial distribution (49) is inserted into
Eq. (36). The inverse Laplace transformations that appear can be carried
out in closed form.® We get for ¢ #1

-1

e
Fix,t)=e *4e *——
x, t)=e " +e !

+te"e”‘ =Vt VT,
t—1 \t+1/7,—1 t+1/1,—-1
Lot Eefx(t+1/rl)___‘_)_i__eAx([+l/n)
T, t+1/r,—1
tet EeAx(t+1/12)_ Vol o =X+ 1) (55)
Ty t+1/1,—1

and for r=1

1 1
Fix,)=e " +-v,14 (—2_ 1) o — XL+ 1)
e ‘L'l

1 1 ,
+ZV2T2 (F—1>€‘x(1+1/12) (56)

2

We obtain for arbitrary energy x

lim F,(x,t)=F,(x, 1) (57)
t—1

and

lim F,(x,t)=M< w0, 7, >1 (58)

=11/t

which prove the continuity of the distribution function for critical values of
the time variable.
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Rp(e,t)] 7T i=1

0.99" =2
0.61

0.3

0.0 20 | 40 60 80 < 100

Fig. 4. Solutions of the linear Boltzmann equation. Initial state and parameters as in Fig. 3.

A comparison between Figs. 1 and 4 shows that this linear VHP model

does not lead to a satisfactory description of the high-energy tail of the

di

stribution function. This result makes clear the necessity of a nonlinear

treatment of the VHP-Boltzmann equation in general.

R
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